Abstract. We present a sufficient condition for three-dimensional diffeomorphisms having heterodimensional cycles to be approximated arbitrarily well by diffeomorphisms with non-trivial contracting wandering domains via several perturbations. The key idea is to show that diffeomorphisms with heterodimensional cycles associated with saddle points with non-real eigenvalues can be approximated by diffeomorphisms with generalized homoclinic tangencies presented by Tatjer. The generalized homoclinic tangency is an organizing center including a Bogdanov-Takens bifurcation, by which one can obtain non-trivial contracting wandering domains together with a Denjoy-like construction.
1. Introduction 1.1. Main result. In this paper we study the existence of non-trivial wandering domains in nonhyperbolic dynamics. Here a non-trivial wandering domain for a given map f on a manifold M means a non-empty connected open set D ⊂ M which satisfies the following conditions:
• f i (D) ∩ f j (D) = ∅ for every i, j ≥ 0 with i = j; • the union of the ω-limit sets of points in D for f , denoted by ω(D, f ), is not equal to a single periodic orbit. See [13, p. 36] for the original definition in the one-dimensional case. A wandering domain D is called contracting if the diameter of f n (D) converges to zero as n → ∞. In the early 20th century, Bohl [4] and Denjoy [10] constructed examples of C 1 diffeomorphisms on a circle which have contracting wandering domains in which the union of the ω-limit sets of points is a Cantor set. Following these results, similar phenomena were observed for high dimensional examples, see [21, 16, 26, 7, 27, 23] . On the other hand, the absence of wandering domains is the key of classification of one-dimensional unimodal as well as one-dimensional multimodal maps, in real analytic category, which were developed in [14, 24, 3, 13, 33] , see the survey of van Strien [32] . For wandering domains of rational maps of the Riemann sphere, see [30, 25] . Moreover, Berry and Mestel [2] showed that any C 1 Lorenz map without gaps does not admit a wandering domain, but the corresponding assertion for the contracting case with gaps has not been shown yet, see [15] .
Topics about the existence of non-trivial wandering domains in nonhyperbolic dynamics were first studied by Colli-Vargas [9] for some two-dimensional example which is made up of an affine thick horseshoe with C 2 -persistent homoclinic tangencies. Moreover, their conjecture was recently proved to be true by the first and third authors [20, Theorem A]: any two-dimensional diffeomorphism in any Newhouse open set is contained in the C r (2 ≤ r < ∞) closure of diffeomorphisms having contracting non-trivial wandering domains for which the union of the ω-limit sets of points contains a basic set. This result moreover implies an affirmative answer in the C r (2 ≤ r < ∞) category to one of the open problems of van Strien [32] which is concerned with the existence of wandering domains for the Hénon family, see [20, Corollary B] . Compare with a negative answer in the C ω category given in [28] .
There is another well-studied nonhyperbolic phenomenon different from a homoclinic tangency, which is called a heterodimensional cycle. We say that a diffeomorphism has a heterodimensional cycle associated with saddle periodic points if there are saddle periodic points P and Q for the diffeomorphism such that
where u-ind(·) is the dimension of the unstable bundle, called the unstable index, for a corresponding periodic point. Thus a natural question is the following:
Question. Let f be a diffeomorphism having a heterodimensional cycle. Is the diffeomorphism f contained in the C r closure of diffeomorphisms having contracting non-trivial wandering domains?
The next theorem is one of the main results in the present paper, which gives an affirmative answer to the question in the C 1 -category.
Theorem 1.1. Let f be a diffeomorphism on a three-dimensional manifold which has a heterodimensional cycle associated with two saddle periodic points at which both the derivatives for f have non-real eigenvalues. Then there exists a diffeomorphism g arbitrarily C 1 -close to f such that g has a contracting non-trivial wandering domain D and ω(D, g) is a nonhyperbolic transitive Cantor set without periodic points.
Note that, in [9, 20] , to construct non-trivial wandering domains near a homoclinic tangency of a 2-dimensional diffeomorphism F , they added a countable series of perturbations to F supported on some open sets which are respectively contained in mutually disjoint gaps in the complement of persistent tangencies. On the other hand in this paper, to show Theorem 1.1 we adopt a quite different procedure as follows:
step 1: C 1 -approximate the diffeomorphism f given in Theorem 1.1 by C r , r ≥ 2, diffeomorphisms with so called "non-transverse equidimensional cycles"; step 2: C r -approximate the diffeomorphisms with the non-transverse equidimensional cycles by other diffeomorphisms having so called "generalized homoclinic tangencies"; step 3: Owing to one of Tatjer's results [31] , the generalized homoclinic tangencies lead to Bogdanov-Takens bifurcations, which create invariant circles; step 4: Finally, by using a C 1 Denjoy-like construction along the invariant circle, one can obtain a diffeomorphism g satisfying the conditions as in Theorem 1.1.
In the next subsection, we give essential ingredients to carry out these steps.
1.2.
Outline of the paper. Denote by A the set of all diffeomorphisms which satisfy the assumption of Theorem 1.1. Furthermore denote by Z the set of all diffeomorphisms which satisfy the conclusion of Theorem 1.1. Then, Theorem 1.1 can be rephrased as follows:
To show Theorem 1.1, we have to prepare auxiliary classes B, C , D of diffeomorphisms on M satisfying the following inclusion relations:
where (·) C 1 and (·) C r respectively stand for the C 1 and C r , r ≥ 2, closures of the corresponding sets. We will give the definition of each class in the following sections. So, we here briefly explain what role each class plays in the proof of Theorem 1.1.
Section 2 contains step 1 where we show that any element of A leads to a heterodimensional cycle containing an "intrinsic tangency". It is a non-transverse intersection between some invariant manifold and some leaf of an invariant foliation which is contained in some transverse heterodimensional intersections, see Lemma 2.4. Moreover, the intrinsic tangency yields the class B of C r diffeomorphsims for which each of elements has a "non-transverse equidimensional cycle", see Proposition 2.1.
Section 3 corresponds to steps 2 and 3. We here show that B is contained in the C r closure of the class C of C r diffeomorphsims where every element has a "generalized homoclinic tangency" presented by Tatjer [31] . See Proposition 3.1. In short, the generalized homoclinic tangency is a certain type of non-transverse codimension-two intersection which satisfies the Tatjer condition. Here the Tatjer condition consists of the geometric properties given in (C1)-(C3) of section 3. As a matter of fact, a couple of propositions 2.1 and 3.1 is the key of this paper which directly implies another main result: Theorem 1.3. Every element of A can be arbitrarily C 1 -approximated by C r diffeomorphisms having a generalized homoclinic tangency.
Note that Tatjer presents several types of generalized homoclinic tangencies, which provide various phenomena according to the types, e.g., several types of limit return (Hénon-like) maps of renormalizations, birth of attracting or saddle type invariant circles via Bogdanov-Takens bifurcations, the existence of strange attractors and the Newhouse phenomenon. See [31, Theorem 1] . Indeed, by virtue of one of them, we can find the class D of diffeomorphisms which have attracting invariant circles created by the Bogdanov-Takens bifurcation.
Section 4 contains step 4 where we finally perform a Denjoy-like construction for a normal tubular neighborhood of the attracting invariant circle of any diffeomorphism in D to detect non-trivial wandering domains.
In closing, we note that all approximations in this paper can be done in C rcategory with any integer r ≥ 2, except for Lemma 2.2 in step 1 and Proposition 4.2 in step 4.
Intrinsic tangencies of cycles
Let M be a three-dimensional Riemannian manifold and N 1 and N 2 be submanifolds of M . We say that a point x ∈ N 1 ∩ N 2 is a transverse intersection if it satisfies T x M = T x N 1 + T x N 2 . Denote by N 1 ⋔ N 2 the set of all transverse intersections of N 1 and N 2 . On the other hand, a point y ∈ N 1 ∩ N 2 satisfying T y M = T y N 1 + T y N 2 is called a tangency. In this section we consider the set B of all C r , r ≥ 2, diffeomorphisms on M for which any element has a non-transverse equidimensional cycle, that is, for any f ∈ B, there are saddle periodic points P and P ′ for f satisfying the following conditions:
(B1) u-ind(P ) = u-ind(P ′ ) = 2, and the unstable eigenvalues of P are non-real, while the unstable eigenvalues of P ′ are real; (B2) P and P ′ are homoclinically related to each other, i.e., W
Here the tangency y ∈ W s (P ′ ) ∩ W u (P ) is said to be quadratic (or a contact of order 1) if there exist an arc ℓ ⊂ W s (P ′ ), a regular surface S ⊂ W u (P ), and some C 2 change of coordinates on an open neighborhood U (y) of y such that (i)
The main result of this section is the following proposition.
Since our setting is in dimension three, the following lemma can be immediately obtained from Bonatti-Díaz' result [5, Theorem 2.1].
Lemma 2.2. Let f be any element of A which has a heterodimensional cycle associated with P and Q at which both the derivatives have non-real eigenvalues. Then every C 1 neighborhood of f contains a diffeomorphism f 1 with a heterodimensional cycle having real central eigenvalues. Moreover, this cycle for f 1 can be taken associated with saddles P ′ f1 and Q ′ f1 which are homoclinically related to the continuations P f1 of P and Q f1 of Q, respectively.
Here the heterodimensional cycle for f 1 is said to have real central eigenvalues if there are an expanding real eigenvalue of Df Per(f1) 1 (P f1 ) and a contracting real eigenvalue of Df Per(f1) 1 (Q f1 ) whose multiplicities are equal to 1. Note that this lemma implies that u-ind(P ) = u-ind(P f1 ) and u-ind(Q) = u-ind(Q f1 ). See We here introduce a concept of intrinsic tangencies. Let f be a diffeomorphism on a three-dimensional manifold M having saddle periodic points P and Q with u-ind(P ) = u-ind(Q)+1. Suppose that all eigenvalues of the derivative Df Per(Q) (Q) are real. We say that W u (P ) and W s (Q) have an intrinsic tangency if there is a leaf ℓ ss of the C 1 strong stable foliation F ss (Q) in W s (Q) such that ℓ ss and W u (P ) have a tangency. See Figure 2 .1-(a). Note that the intrinsic tangency is not necessarily contained in a heterodimensional tangency between W u (P ) and W s (Q) as shown in Figure 2 .1-(b). See [11, 19] for its precise definition. Indeed, it is not difficult to give examples where intrinsic tangencies are contained in W u (P ) ⋔ W s (Q), e.g., circular transverse heterodimensional intersections in [11, 19] contain at least two such intrinsic tangencies. Let f be any element of A which has a heterodimensional cycle associated with saddle periodic points P and Q at which both the derivatives have non-real eigenvalues. One may suppose that u- is homoclinically related to the continuation
) contains an intrinsic tangency, where P f2 and Q ′ f2 are the continuations of P f1 and Q ′ f1 , respectively. Together with Lemma 2.2 and Remark 2.3, it immediately implies the next result.
Corollary 2.5. The intrinsic tangency is obtained by an arbitrarily small C 1 -perturbation of any f ∈ A .
Proof of Lemma 2.4. We here recall that the above f ∈ A has the saddle periodic point Q such that Df Per(Q) (Q) has a pair of non-real contracting eigenvalues. Hence, there exist a small neighborhood V of Q f1 , a local chart (x, y, z) in V and real constants a s , a u , ϑ ∈ R with 0 < |a s | < 1 < |a u | such that
where V is the closure of V and O f1 (·) is the orbit of the corresponding point for f 1 ;
• Q f1 = (0, 0, 0) and
for any (x, y, z) ∈ V . Moreover, after a small local perturbation if necessary, we may assume that the above ϑ is irrational. On the one hand, by (A1)-(iii), there exist an unstable disk
and a positive integer n 0 such that the set of transverse intersections f 
) and such that, for any integer m ≥ 0, 
). This concludes the proof of Lemma 2.4. Proof of Proposition 2.1. Arbitrarily C 1 close to f ∈ A , from Lemmas 2.2, one has a diffeomorphism f 1 with a heterodimensional cycle associated with saddles P ′ f1 and Q ′ f1 with distinct real eigenvalues which are homoclinically related to the continuations P f1 and Q f1 , respectively. Moreover, it follows by Lemma 2.4 and Corollary 2.5 that, arbitrarily C 1 near f 1 , one obtains a C r diffeomorphism f 2 satisfying (A1) and (A2) which has an intrinsic tangency Z 0 between W u (P f2 ) and a leaf ℓ ss of the strong stable foliation F ss (Q Recall that, by (A2),
) contains the quasi-transverse intersection X ′ as shown in Figure 2 .2. Hence one has a positive integer k 0 such that the point
Observe that if necessary perturbing f 2 slightly in a small neighborhood of L s , it follows from Inclination Lemma that,
for any large integer m > 0, the backward image f We here consider a one-parameter family of C r diffeomorphisms, {f 2,t } t∈R with f 2,0 = f 2 , which unfolds generically the quasi-transverse intersection at X ′ m used in [11, 18] , that is, there are a C 1 -curve {X(t)} t∈R and a C 1 map ρ : R → R + with X(t) ∈ f k0+m 2,t (W u loc (P f2,t )) for every t and ρ(0) > 0 such that:
where N is the one-dimensional space spanned by dX dt (0).
Observe that, there is a real number t 0 arbitrarily near 0 such that f
(L s ) and W u (P f2,t 0 ) have a quadratic tangency. See Figure 2 .4-(c). Let us denote f 2,t0 by g. It follows that g satisfies the condition (B3).
Note that it follows from (A1)-(ii) that (B2) holds for g. In addition, since the amount of all perturbations can be taken arbitrarily small, (B1) holds for g. In conclusion, g is contained in B. This ends the proof of Proposition 2.1.
The above proof contains the following remark: Remark 2.6. Every C r diffeomorphism satisfying (A1) and (A2) can be C r approximated by diffeomorphisms with a non-transverse equidimensional cycle satisfying the conditions (B1), (B2) and (B3).
Homoclinic tangencies with the Tatjer condition
We first recall a diffeomorphism with a generalized homoclinic tangency satisfying some conditions presented in [31] , which plays an important role in the proof of Theorem 1.1. The purpose of this section is to show Proposition 3.1, where we claim that diffeomorphisms satisfying the Tatjer condition are not so special in a neighborhood of B.
Let f be a diffeomorphism on a three-dimensional Riemannian manifold M which has a homoclinic tangency of a saddle periodic point P ′ . We here note that one of the requirement in Tajter's conditions is that the central-stable bundle E cs = E s ⊕ E c at P ′ must be extended along the stable manifold W s (P ′ ) of P ′ . See the explanation just below (C2). To guarantee it as well as the quadratic condition in (C1), we have to assume that the regularity of f is at least C 2 . Suppose the derivative for f at P ′ has real eigenvalues λ s , λ cu and λ u satisfying |λ s | < 1 < |λ cu | < |λ u |. Assume that there are C 1 linearizing coordinates (x, y, z) for f on a neighborhood U ′ of P ′ such that
for any (x, y, z) ∈ U . In U ′ , the local unstable and stable manifolds of P ′ are given respectively as
for some δ > 0. Moreover one has the local strong unstable
We say that a homoclinic tangency satisfies the Tatjer condition (which corresponds to the type I of case B in [31, Theorem 1] ) if the following (C1)-(C3) hold.
(C1) W u (P ′ ) and W s (P ′ ) have a quadratic tangency at x 0 which does not belong to the strong unstable manifold
For the tangency x 0 , we here consider the forward imagex 0 = f n0 (x 0 ) for a large n 0 ≥ 0 satisfyingx 0 ∈ W s loc (P ′ ). In addition, we consider a plane S(x 0 ) containinḡ x 0 such that Tx 0 S(x 0 ) is generated by ( Denote by C the set of all C r diffeomorphisms on M which have homoclinic tangencies satisfying the Tatjer condition. This set C is contained in the class of diffeomorphisms having "generalized homoclinic tangencies" defined in [31] . Tatjer condition We here claim that homoclinic tangencies satisfying the Tatjer condition are not so rare in our context. Let ℓ 1 and ℓ 2 be submanifolds of M . For an intersection
which is called the codimension at the intersection x associated with ℓ 1 and ℓ 2 . See [1] . The condition (C3) implies that the codimension at the intersectionx 0 associated with S(x 0 ) and W u (P ′ ) is zero. However, (C1) and (C2) require pairs of submanifolds of codimension one as well as two:
Thus, the homoclinic tangency with the Tatjer condition seems to be very special, as mentioned in [31] . However, it can be realized by C r -small perturbations of any elements of B. That is, Proposition 3.1. B is contained in the C r , r ≥ 2, closure of C .
Proof. Let us consider f ∈ B having saddle periodic points P f and P ′ f and satisfying (B1)-(B3). Since the unstable eigenvalues at P f are non-real, if necessary perturbing f slightly in a small neighborhood of P f without breaking (B1)-(B3), we may assume from the beginning that there exist a local chart (x,ȳ,z) in a small neighborhood U of P f and real constants b s , b u , ϑ such that (1) 0 < |b s | < 1 < |b u | and ϑ ∈ [0, 1] which is an irrational number; (2) P f = (0, 0, 0) and for any (x,ȳ,z) ∈ U ,
given by (B2) as shown in Figure 3.2-(a) . Without loss of generality we may suppose thatx 0 ∈ W uu (P ′ f ). Definex
for any integer n > 0, see Figure 3 .2-(b). By the Inclination Lemma, for a large 
n (x 0 )) for each n > 0. Note that there is a segment ℓ uu n (x 0 ) contained in the the leaf throughx 0 of the strong unstable foliation F uu (P ′ f ), which is carried toD u n by f nPer(P f ) . For each n > 0, definê
See Figure 3.2-(b). Let us take the following steps:
Step 1: Let v uu n be a unit vector tangent tol uu n atx n . Since the sequence {x n } converges to P f in M as n → ∞, we have a subsequence {v uu ni } of {v uu n } converging to a unit vector v ∞ ∈ T P f W u loc (P f ) as n i → ∞ in the tangent vector space T M . This implies that, for any ε > 0, there is an integer n 0 := n i0 > 0 such that
. This finishes the first step.
Next, we consider a quadratic tangencyȳ 0 between W s (P ′ f ) and W u loc (P f ) which is given by the condition (B3). For every integer m ≥ 0, we writē
Step 2: Let L 
This ends the second step.
In the next final step, we combine the above two steps.
Step 3: From (3.2) and (3.3), we have Figure 3.3-(a) . This concludes the third step. . However, the condition (3.4) implies that these spaces are sufficiently close to each other. Hence, by adding a perturbation again to f 1 on the neighborhood ofȳ 0 , we obtain a C r diffeomorphism f 2 which is C r -close to f 1 and such that the continuation L At last we have obtained the C r diffeomorphism g := f 2 which is C r -near f and such that
have a quadratic tangency atz 0 ;
• moreover, at the pointz 0 , W s (P In the end of this section, we present the next lemma which is indispensable for our discussion in the final section. Since this is just an extract from the main result of [31] , we here skip the proof. . Let f be a C r (r ≥ 2) diffeomorphism on a three-dimensional manifold M which has a homoclinic tangency of a saddle periodic point P ′ with real eigenvalues λ 1 , λ 2 , λ 3 satisfying |λ 1 | < 1 < |λ 2 | < |λ 3 |. In addition, suppose that the homoclinic tangency satisfies the Tatjer condition. Then there are a two-parameter family {f a,b } a,b∈R with f 0,0 = f and a sequence {(a n , b n )} n∈N of the parameter values with (a n , b n ) → (0, 0) as n → ∞ such that, for any sufficiently large n, f an,bn has an n-periodic smooth attracting invariant circle.
We remark that the attracting invariant circles in Lemma 3.2 are really generated by the Hopf (also known as the Neimark-Sacker) bifurcation for three-dimensional diffeomorphisms, which is a part of the codimension-two bifurcation called BogdanovTakens, see Broer et al [8] , and also [31, §2.4] .
Addendum (about strange attractors/infinitely many sinks). By using other results in [31, Theorem 1] , one can show that any element of C can be approximated by diffeomorphisms having strange attractors or infinitely many sinks. However, by [19, Theorem C] together with [18, Corollary B] , both the phenomena can be directly derived from the existence of intrinsic tangencies in the proof of Proposition 2.1 without detouring to the constructing of generalized homoclinic tangencies. That is, any element of A can be approximated by diffeomorphisms having these phenomena.
Constructions of wandering domains
Let D be the set of all C r diffeomorphisms on a three-dimensional manifold M having smooth attracting invariant circles which are given by the Hopf bifurcation as in the conclusion of Lemma 3.2. Here the regularity r should be at least 5 so that it can be expressed by the following normal form (4.1) of the Hopf bifurcation, see [29, §7.5] . More specifically, for any f ∈ D, there exists a one-parameter family {f µ } µ∈R of C r diffeomorphisms such that f 0 is arbitrarily C 5 -close to f and f µ undergoes the generic Hopf bifurcation at an n-periodic point p for some integer n ≥ 0 for µ = 0 which creates an attracting invariant circle. In fact, one has polar coordinates (r, θ) and a real coordinate t in a small neighborhood of p such that p = (0, 0, 0) and
where O µ (r k ) is a smooth function of order r k with k ∈ N near (r, µ) = (0, 0) which depends on µ smoothly, a µ , β µ are real constants depending on µ smoothly with a 0 > 0, and γ is a real constant with 0 < |γ| < 1. Notice that f restricted to the rθ-space has the same form as the normal form of the original two-dimensional Hopf bifurcation, see [29, §7.5] The next result is the final step for the proof of Theorem 1.1.
Proposition 4.2. Let f be a diffeomorphism contained in D.
There is a diffeomorphism g arbitrarily C 1 -close to f such that g has a contracting non-trivial wandering domain D for which ω(D, g) is a transitive nonhyperbolic Cantor set without periodic points.
Proof. For f ∈ D, one has a C r diffeomorphism f µ arbitrarily C 1 -close to f such that f n µ given by (4.1) has an attracting invariant circle S with f i µ (S) ∩ S = ∅ for any i = 0, · · · , n − 1. By perturbing f µ slightly if necessary, we may assume that β µ /(2π) ∈ Q. Moreover, since µ is close to 0, we have a diffeomorphismf C 1 -near f µ such that (4.2)f n (r, θ, t) = (1 + µ)r − a µ r 3 , θ + β µ , γt in the neighborhood of p of radius 2(µa −1 µ ) 1/2 . By this it follows that there is an attracting invariant circleS and the restriction off n toS is an irrational rigid rotation. Hence, by the same construction as that of Denjoy's counter-example, see [10] and [17] , we have a C 1 diffeomorphism g arbitrarily C 1 -close tof , a sequence {ℓ i } i≥0 of open arcs which are contained in a circle S g sufficiently C 1 -close toS and satisfy the following conditions:
• S g is an attracting invariant circle for g n , and g n | Sg is a rigid irrational rotation;
• for any i, j ≥ 0 with i = j,
• ω(ℓ 0 , g n ) is a topologically transitive Cantor set on S g without periodic points, where g n has zero Lyapunov exponent.
We here consider a normal tubular neighborhood of each arc ℓ i , see Figure 4 .1, which is defined as
where ∆ i (x) is the open disk of radius δ centered at x ∈ ℓ i which lies in a plane normal to ℓ i for each i ≥ 0, where δ > 0 is a given small number independent of x and i. By the form of (4.1), the restrictions of f n µ (r, θ, t) to the first and third Hence, for any f ∈ A , there is anf ∈ D arbitrarily C 1 -close to f . By Proposition 4.2, we obtain a diffeomorphism g arbitrarily C 1 -close tof which has a contracting non-trivial wandering domain. It implies that g is an element of Z . This completes the proof.
